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Abstract. We study mean ergodicity in amenable operator semigroups and establish the 
connection to the convergence of strong and weak ergodic nets. We then use these results in 
order to show the convergence of uniform families of ergodic nets that appear in topological 
Wiener- Wintner theorems. 

The classical mean ergodic theorem (see [10, Chapter 2.1]) is concerned with the convergence 
of the Cesaro means i ^2n=o ^ n ^ or some power bounded operator S on a Banach space X. 
The natural extension of the Cesaro means for representations S of general semigroups is the 
notion of an ergodic net as introduced by Eberlein [7] and Sato [18]. In the first part of this 
paper we discuss and slightly modify this concept in order to adapt it better for the study 
of operator semigroups. Sato showed in [18] that in amenable semigroups there always exist 
weak ergodic nets. We extend this result and show that even strong ergodic nets exist. Using 
this fact we then state a mean ergodic theorem connecting the convergence of strong and weak 
ergodic nets and the existence of a zero element in the closed convex hull of S. 

In the second part we develop the adequate framework for investigating uniform convergence 
in so-called topological Wiener- Wintner theorems. In the simplest situation these theorems 
deal with the convergence of averages 

1 \^N—1 \n on 
N l^n=0 A ° 

for some operator S on spaces C(K) and A in the unit circle T. Assani [2] and Robinson 
[16] asked when this convergence is uniform in A G T. Subsequently, their results have been 
generalised in different ways by Walters [19], Santos and Walkden [17] and Lenz [11, 12]. We 
propose and study uniform families of ergodic nets as an appropriate concept for unifying and 
generalizing these and other results. 

1. Amenable and mean ergodic operator semigroups 

We start from a semitopological semigroup G and refer to Berglund et al. [3, Chapter 1.3] 
for an introduction to this theory. Let X be a Banach space and denote by ^(X) the set 
of bounded linear operators on X. We further assume that S = {S g : g G G} is a bounded 
representation of G on X, i.e., 



(i) S g G ^C(X) for all g G G and sup g6G < oo, 

(ii) S g S h = S hg for all g,h G G, 
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(iii) g t— > SgX is continuous for all 

For a bounded representation S we denote by co S its convex hull and by co5 the closure with 
respect to the strong operator topology. Notice that S as well as co S and co5 are topological 
semigroups with respect to the strong and semitopological semigroups with respect to the 
weak operator topology. 

A mean on the space C b {G) of bounded continuous functions on G is a linear functional 
m £ Cb{G)' satisfying (m, 1) = ||m|| = 1. 

A mean m £ Cb(G)' is called right (left) invariant if 

(m, R g f) = (m, f) ((m, L g f) = (m, /}) \/g £ G, f £ C b (G), 

where R g f(h) = f(hg) and L g f(h) = f(gh) for h £ G. 

A mean m £ Cb(G)' is called invariant if it is both right and left invariant. 

The semigroup G is called right (left) amenable if there exists a right (left) invariant mean on 
C b (G). It is called amenable if there exists an invariant mean on C b (G) (see Berglund et al. 
[3, Chapter 2.3] or the survey article of Day [5]). 

For simplicity we shall restrict ourselves to right amenable and amenable semigroups, although 
most of the results also hold for left amenable semigroups. 

Notice that if S := {S g : g £ G} is a bounded representation of a (right) amenable semigroup 
G on X, then S endowed with the strong as well as the weak operator topology is also (right) 
amenable. Indeed, if rh £ Cb{G)' is a (right) invariant mean on Cb(G), then m £ Cb{S)' given 
by 

(m,f):=(fhj) (f£C b (S)) 
defines a (right) invariant mean on C&(«S), where f(g) = f(S g ). 

In the following, the space jSf(X) will be endowed with the strong operator topology unless 
stated otherwise. 

Definition 1.1. A net (A^) ag _4 of operators in Jz?(X) is called a strong right (left) S-ergodic 
net if the following conditions hold. 

(1) Af £ coS for all a £ A. 

(2) (Af ) is strongly right (left) asymptotically invariant, i.e., 

lim Q A%x - A%S g x = (lima A%x - S g A^x = 0) for all x £ X and g £ G. 

The net (A~) is called a weak right (left) S-ergodic net if (A^) is weakly right (left) asymp- 
totically invariant, i.e., if the limit in (2) is taken with respect to the weak topology a{X,X') 
on X. The net (A^) is called a strong (weak) S-ergodic net if it is a strong (weak) right and 
left <S-ergodic net. 

We note that our definition differs slightly from that of Eberlein [7], Sato [18] and Krengel [10, 
Chapter 2.2]. Instead of condition (1) they require only 

(1') A^x £ coSx for all a £ A and x £ X. 
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However, the existence of (even strong) ergodic nets in the sense of Definition 1.1 is ensured 
by Corollary 1.5. Moreover, both definitions lead to the same convergence results (see The- 
orem 1.7 below). The reason is that if the limit Px := lim a x exists for all x G X, then 
the operator P satisfies P G co5 rather than only Px G co<Sx for all x G X (see Nagel [14, 
Theorem 1.2]). 

Here are some typical examples of ergodic nets. 

Examples 1.2. (a) Let S G £?(X) with \\S\\ < 1 and consider the representation S = 
{S n : n G N} of the semigroup (N, +) on X. Then the Cesaro means (A^TVeN given 
by 

N-l 
n=0 

form a strong 5-ergodic net. 

(b) In the situation of (a), the Abel means (Af)o <r< i given by 

oo 

Af := (1 - r )Y,r n S n 

n=0 

form a strong 5-ergodic net. 

(c) Consider the semigroup (M_|_,+) being represented on X by a bounded Co-semigroup 
S = {S(t) : t G R + }. Then (Af ) seM+ given by 

1 f s 

A*x ■= - I S(t)xdt (x G X) 
s Jo 

is a strong 5-ergodic net. 

(d) Let S = {S g : g G G} be a bounded representation on X of an abelian semigroup 
G. Order the elements of co5 by setting U < V if there exists W G co<S such that 
V = WU. Then (A^) U£coS given by 

Afj :=U 

is a strong 5-ergodic net. 

(e) Let H be a locally compact group with left Haar measure | • | and let G C H be a 
subsemigroup. Suppose that there exists a F0lner net (F a )a£A i n G (see [15, Chapter 
4]), i.e., a net of compact sets such that \F a \ > for all a G A and 

l im ^ = V,GG, 
a \F a \ 

where AAB := (A\B)L) (B\ A) denotes the symmetric difference of two sets A and 
B. Suppose that S := {S g : g G G} is a bounded representation of G on X. Then 
(■A%) a eA given by 

A*x := —-r [ Sgxdg (x G X) 
Fa I JF a 

is a strong right 5-ergodic net. 
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If G is a right amenable group in the situation of Example 1.2 (e), then there always exists 
a F0lner net (F a ) a& ^ in G (see [15, Theorem 4.10]). Hence, in right amenable groups there 
always exist strong right 5-ergodic nets for each representation S. In [18, Proposition 1], 
Sato showed the existence of weak right (left) ergodic nets in right (left) amenable operator 
semigroups. We give a proof for the case of an amenable semigroup. The one-sided case is 
analogous. 

Proposition 1.3. Let G be represented on X by a bounded (right) amenable semigroup S = 
{S g : g G G}. Then there exists a weak (right) S -ergodic net in Jzf(X). 

Proof. Let m G Cb(S)' be an invariant mean. Denote by B the closed unit ball of Cf,(S)' and 
by exB the set of extremal points of B. Since m is a mean, we have m G B = co ex B by the 
Krein-Milman theorem, where the closure is taken with respect to the weak*-topology. Since 
ex B = {5s g '■ g £ G}, this implies that there exists a net (X^£l ^i,aO~S g . )aeA C co{5s 3 : g G G} 
with lim Q X^i^i ^i,a°~S g . = m hi the weak*-topology. Since m is invariant, we obtain 
N a N a 

lim £ A iia 5s 9i (/ - = lim £ (/ -L Sg f) = Vg G G, / G C 6 (S). 

i=l i=l 

Define the net (A^) a( zjx by := ^Zi=\ ^i,aS gi £ coS for a G A To see that (Af) Qg ^ 
is weakly asymptotically invariant, let x G X and x' G X' and define G Cb(S) by 

fx,x'(S g ) := (S g x,x'} for j 6 G. Then for all g G G we have 

(Af x — A^ S ff x, x') = Xi ia ((S gi x, x') — (Sg t S g x, x')) 
i=i 

= ^ Ka(fx,x'(S 9i ) ~ Rs g fx,x'(S gi )) 
i=l 

N a 

= ^i,a&S ai (/x,x' - Rs g fx,x') ► 

i=l 

and 

(A^x — SgA^x, x ^ y 
analogously. Hence (A^) a eA is a weak 5-ergodic net. □ 

We now show that the existence of weak ergodic nets actually implies the existence of strong 
ergodic nets. 

Theorem 1.4. Let G be represented on X by a bounded semigroup S = {S g : g G G}. Then 
the following assertions are equivalent. 

(1) There exists a weak (right) S -ergodic net. 

(2) There exists a strong (right) S-ergodic net. 

Proof. We give a proof for the case of an 5-ergodic net. The one-sided case can be shown in 
a similar way. 
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(1) =>(2): Consider the locally convex space E := Y\^ g x )eGxX x ^ endowed with the product 
topology, where X x X carries the product (norm-)topology. Define the linear map 

$ : %{X) -> E, $(T) = {TS g x - Tx, S g Tx - Tx\ g>x)eGxX . 

By 17.13(iii) in [9] the weak topology a(E,E') on the product E coincides with the product 
of the weak topologies of the coordinate spaces. Hence, if (A^acA i s a wea k 5-ergodic net 

on X, then <I>(j4f ) — > with respect to the weak topology on E and thus £ <E>(co5) 
Since the weak and strong closure coincide on the convex set <£(coiS), there exists a net 
{B^)p & B C co5 with <&(Bp) — >■ in the topology of E. By the definition of this topology 
this means \\B^S g x — Bpx\\ — > and \\S g BpX — B^x\\ — > for all (g,x) eGxI and hence 
(Bp)p£B is a strong <S-ergodic net. 

(2) =Kl) is clear. □ 

The following corollary is a direct consequence of Proposition 1.3 and Theorem 1.4. 

Corollary 1.5. Let G be represented on X by a bounded (right) amenable semigroup S = 
{S g : g € G}. Then there exists a strong (right) S-ergodic net. 

If ergodic nets converge we are led to the concept of mean ergodicity. We use the following 
abstract notion. 

Definition 1.6. The semigroup S is called mean ergodic if co<S contains a zero element P (cf. 
[3, Chapter 1.1]), called the mean ergodic projection of S. 

Notice that for P being a zero element of coS it suffices that PS g = S g P = P for all g € G. 

Nagel [14] and Sato [18] studied such semigroups and their results are summarized in Krengel 
[10, Chapter 2]. 

In the next theorem we collect a series of properties equivalent to mean ergodicity. Most 
of them can be found in Krengel [10, Chapter 2, Theorem 1.9], but we give a proof for 
completeness. 

Denote the fixed spaces of S and S' by Fix S = {x S X : S g x = x Mg € G} and Fix S' = {x' € 
X' : S' g x' = x' Vg € G} respectively and the linear span of the set rg(I — S) = {x — S g x : x G 
X,geG}bylmrg(I-S). 

Theorem 1.7. Let G be represented on X by a bounded right amenable semigroup S = {S g : 
g € G}. Then the following assertions are equivalent. 

(1) S is mean ergodic with mean ergodic projection P. 

(2) coSx n FixS / for all x £ X. 

(3) Fix S separates Fix S' . 

(4) X = Fix5©mTrg(/-5). 

(5) A^x has a weak cluster point in Fix5 for some/every weak right S-ergodic net (^4f ) 
and all x € X . 
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(6) Af x converges weakly to a fixed point ofS for some/every weak right S-ergodic net (Af ) 
and all x G X. 

(7) Afx converges weakly to a fixed point of S for some/every strong right S-ergodic net 
(Af ) and all x G X. 

(8) Afx converges strongly to a fixed point of S for some/every strong right S-ergodic net 
(Af ) and all x G X. 

The limit P of the nets (Af ) in the weak and strong operator topology, respectively, is the 
mean ergodic projection of S mapping X onto Fix S along linrg(J — S). 

Proof. (1)=>(2): Since S g P = P for all g G G, we have Px G coSx n Fix5 for all x G X. 

(2) =*>(3): Let / x' G Fix S' . Take x G X such that (x',x) ^ 0. If y G coSx n Fix«S then we 
have (x',y) = (x',x) ^ 0. Hence Fix5 separates Fix S'. 

(3) =>(4): Let (Af ) be a weak right 5-ergodic net and let x' G X' vanish on Fix5©linrg(J — S). 
Then in particular (x',y) = (x',S g y) = (S'x',y) for all y G X and g G G. Hence a/ G 
Fix 5'. Since Fix S separates Fix S' and x' vanishes on Fix S, this implies x' = 0. Hence 
Fix S © linrg(J — S) is dense in X by the Hahn-Banach theorem and it remains to show 
that Fix S © linrg(I — S) is closed. For D := {x G X : a-l\m a A^x exists} we obtain D = 
Fix S © linrg(/ — S) and D is closed since (Af ) is uniformly bounded. 

(4) =>(6): Let (A^ ) be any weak right 5-ergodic net. Then A^x converges weakly to a fixed 
point of S for all Indeed, the convergence on Fix S is clear and the weak convergence 
to on linrg(I — S) follows from weak right asymptotic invariance and linearity of (A^ ). 
Since the set {x G X : a- lim a A^x exists} is closed we obtain weak convergence on all of 
Fix5ffilinrg(7 — S). The limit of the net (Af ) is the projection onto Fix S along linrg(J — S). 

(4) =>(8): An analogous reasoning as in (4)=>(6) yields the strong convergence of Af x for every 
strong right 5-ergodic net (Af ) and every 

(5) =>(2): Let (Af ) be a weak right 5-ergodic net, take i£l and define Px as the weak limit 
of a convergent subnet (A^x) of (Af x). Then Px G coSx n Fix S for all i£l 

(6) =^(1): Let (Af ) be a weak right 5-ergodic net. Defining Px as the weak limit of Afx for 
each x G X we obtain Px G co5x for all x £ X. Furthermore, for all x G X and g £ G 
we have Px — PS g x = a- lim a Af x — Af S g x = and Px — S g Px since Px G Fix 5. Hence 
S^P = PS g = P for all g G G and [14, Theorem 1.2] yield the mean ergodicity of S. 

The remaining implications are trivial. □ 

If the semigroup S is amenable and (Af ) is a convergent 5-ergodic net, then the limit Px : = 
lim Q Af x is automatically a fixed point of S for each x G X, since S g Px — Px = lim a Af x — 
SgAf x = for each 5 € G by the asymptotic left invariance. Hence the following corollary is 
a direct consequence of Theorem 1.7. 

Corollary 1.8. Let G be represented on X by a bounded amenable semigroup S = {S g : g G 
G}. Then the following assertions are equivalent. 

(1) S is mean ergodic with mean ergodic projection P. 
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(2) coSx n FixS / for all xEl 

(3) Fix S separates Fix S' . 

(4) X = FixS0liKrg(7-S). 

(5) A^x has a weak cluster point for some/every weak S-ergodic net (A^) and all x G X. 

(6) A^x converges weakly for some/every weak S-ergodic net (A^) and all x G X. 

(7) A^x converges weakly for some/every strong S-ergodic net (A&) and all x G X . 

(8) A^x converges strongly for some/every strong S-ergodic net (A~£) and all x G X. 

The limit P of the nets (A^) in the weak and strong operator topology, respectively, is the 
mean ergodic projection of S mapping X onto Fix S along linrg(7 — S). 

The next result can be found in Nagel [14, Satz 1.8] (see also Ghaffari [8, Theorem 1]). We 
give a different proof. 

Corollary 1.9. Let G be represented on X by a bounded amenable semigroup S = {S g : 
g G G} . If S is relatively compact with respect to the weak operator topology, then S is mean 
ergodic. 

Proof. Since Sx is relatively weakly compact, we obtain that coSx is weakly compact for 
all x G X by the Krein-Smulian Theorem. Hence, if (A^) is a weak 5-ergodic net, then 
Af, x has a weak cluster point for each x G X. The mean ergodicity of S then follows from 
Corollary 1.8. □ 

If the Banach space satisfies additional geometric properties, contr activity of the semigroup 
implies amenability and mean ergodicity. For uniformly convex spaces with strictly convex 
dual unit balls this has been shown by Alaoglu and Birkhoff [1, Theorem 6] using the so-called 
minimal method. In [4, Theorem 6'] Day observed that the same method still works if uniform 
convexity is replaced by strict convexity. 

Corollary 1.10. Let X be a reflexive Banach space such that the unit balls of X and X' 
are strictly convex. If the semigroup G is represented on X by a semigroup of contractions 
S = {S g : g G G}, then S is mean ergodic. 

Proof. If S is a contractive semigroup in JC(X) and the unit balls of X and of X' are strictly 
convex, then S is amenable by [6, Corollary 4.14]. Since S is bounded on the reflexive space 
X, it follows that S is relatively compact with respect to the weak operator topology. Hence 
Corollary 1.9 implies that S is mean ergodic. □ 

In some situations (see e.g. Assani [2, Theorem 2.10], Walters [19, Theorem 4], Lenz [12, 
Theorem 1]) one is interested in convergence of an ergodic net only on some given x G X. 
Apart from the implication (2)=>(3) the following result is a direct consequence of Theorem 1.7 
and Corollary 1.8 applied to the restriction S\y x of S to the closed S- invariant subspace 
Y x := lintSx. 

Proposition 1.11. Let G be represented on X by a bounded (right) amenable semigroup 
S = {S g : g G G} and let x G X . Then the following assertions are equivalent. 



8 MARCO SCHREIBER 

(1) S is mean ergodic on Y x with mean ergodic projection P. 

(2) coSxnFixS / 0. 

(3) FixiSjy^ separates Fix S \ ' Y ■ 

(4) x £ FixSeIhTrg(i~-S). 

(5) A^x has a weak cluster point (in Fix<SJ for some/every weak (right) S-ergodic net 
(A s a ). 

(6) A^x converges weakly (to a fixed point of S) for some/every weak (right) S-ergodic 
net (A%). 

(7) A^x converges weakly (to a fixed point of S) for some/every strong (right) S-ergodic 
net (A s a ). 

(8) A~,x converges strongly (to a fixed point of S) for some/every strong (right) S-ergodic 
net (Af ). 

The limit P of the nets A^ in the weak and strong operator topology on Y x , respectively, is the 
mean ergodic projection of S\y x mapping Y x onto Fix along linrg(7 — «S|i^). 

Proof. (2)=>(3): Let ^ x' £ FixtSjy^ and take y £ Y x such that (x',y) 7^ 0. Since x 
generates the space Y x this yields (x',x) 7^ 0. If z £ coSx H Fix S, then z £ Y x and we 
have (x',z) = (x',x) 7^ 0. Hence Fix separates Fix5|y^. 

The other implications follow directly from Theorem 1.7 and Corollary 1.8 by noticing that 
the set {j/6X: lim a A^y exists} is a closed 5-invariant subspace of X. □ 

2. Uniform families of ergodic operator nets 

We now use the above results on mean ergodic semigroups in order to study the convergence 
of uniform families of ergodic nets. 

Let / be an index set and suppose that the semigroup G is represented on X by bounded 
semigroups Si = {<Si, 9 : g £ G} for each i £ I. Moreover, we assume that the Si are uniformly 
bounded, i.e., sup ie j sup 9gG ||<5j )9 || < 00. 

Definition 2.1. Let A be a directed set and let (A^) a ^ C S£{X~) be a net of operators for 
each i £ I. Then {(iy) a6< 4 : i £ 1} is a uniform family of right (left) ergodic nets if 

(1) Va £ A, Ve > 0, Vxi, . . . , x m £ X, 3g\, . . . , gN £ G such that for each i £ I there exists 
a convex combination £^j=i °i,jSi,gj G co Si satisfying 

sup \\A%x k - YljLi c i,j s i,gj x k\\ < £ VA; G {1, ... ,m}; 

(2) limsup ||A? l x - Af l 5j = (limsup \\Afx - 5j oAf l x|| = ) Vg £ G,x £ X. 

a iei V a iei J 

The set {(Aa i ) a eA '■ i £ P} is called a uniform family of ergodic nets if it is a uniform family 
of left and right ergodic nets. 
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Notice that if {(Ay) ae _4 : i £ /} is a uniform family of (right) ergodic nets, then each (^4f')ae.A 
is a strong (right) 5j-ergodic net. 

Here are some examples of uniform families of ergodic nets. 

Proposition 2.2. (a) Let S £ -^(X) with \\S\\ < 1. Consider the semigroup (N, +) being 
represented on X by the families S\ = {(XS) n : n £ N} for A € T. Then 

is a uniform family of ergodic nets. 

(b) In the situation of (a), 

{((l-OEr=0^ n ^) 0<r<1 :A€T} 
is a uniform family of ergodic nets. 

(c) Let K be a compact space and (p : K — > K a continuous transformation. Let H 
be a Hilbert space and S : / i— > f o <p the Koopman operator corresponding to if 
on the space C(K,H) of continuous H -valued functions on K. Denote by U{H) the 
set of unitary operators on H and by A the set of continuous maps 7 : K — > U(H). 
Consider the semigroup (N, +) and its representations on C(K, H) given by the families 
5 7 = {('~fS) n : n £ N} for 7 G A, where (^S)f(x) = j(x)Sf(x) for x G K and 
f G C(K,H). Then 

is a uniform family of ergodic nets. 

(d) Let (S(t))t£R + be a bounded Co-semigroup on X . Consider the semigroup (M+, +) being 
represented on X by the families S r = {e 2mrt S (t) : t £ K + } for r € B, where Bel 
is bounded. Then 

{(±J S e^S(t)dt) sm+ :reB} 
is a uniform family of ergodic nets. 

(e) Let S = {S g : g £ G} be a bounded representation on X of an abelian semigroup 
G. Order the elements of coS by setting U < V if there exists W £ coS such that 
V = WU . Denote by G the character semigroup of G, i.e., the set of continuous 
multiplicative maps G — > T, and consider the representations S x = {x(d)Sg '■ g £ G} 
of G on X for x £ G. Then 



l v 'Ei=iCiS gi ecoS J 



is a uniform family of ergodic nets. 

(f) Let H be a locally compact group with left Haar measure \ ■ \ and let G C H be 
a subsemigroup. Suppose that there exists a F0lner net (F a ^ a 

in G. Suppose that 

S := {S g : g £ G} is a bounded representation of G on X . Consider the representations 

S x = {x{g)Sg ■ g £ G} ofG on X forx £ A, where A C H is uniformly equicontinuous 
on compact sets. Then 



{{\k^ a X(9)S 9 dg) aeA . X eA} 
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is a uniform family of right ergodic nets. 



Proof. (a) Property (1) of Definition 2.1 is clear. To see (2), let x G X and k G N. Then 

1 JV-l -, fe-1 -. JV-l+fe 

-^(A5rx-(A5r +fc x < SU p _£ii(Asr*ii + - 53 ik^ni 



sup 

AGT 



n=0 



n=0 



n=JV 



2k u 
< — I 



iV jv- 



->■ 0. 



(b) (1): Let < r < 1 and e > 0. Choose iV G N such that r N < §. Then for all A € T we 



have 



JV-l 



n=0 
< 



(l-r N ) 



n=0 



AT-l 



(1 - r) ^ r n A n S n -(l-r)J2 r n \ n S n 



n=0 



n=0 
JV-l 



+ 



JV-l 



< (1 -r) ]T r n + (1 

n=JV 

< r ^V + r ^V < e . 



;i - r) £ - n A n ^ - ^— ^ 53 rnxnsn 

n=0 ^ ' n=0 

JV-l 

n=0 



(1 - r N ) 



(2): Let x G X and € N. Define for each A G T the sequence by x« 



(A) 



{XS) n x-(XS) n+k x for ra G N. Then it follows from (a) that sup A \\j?J2n=o x n ] \ 
It is well known that Cesaro convergence implies the convergence of the Abel means to 
the same limit (see [13, Proposition 2.3]). One checks that if the Cesaro convergence 
is uniform in A 6 T, then the convergence of the Abel means is also uniform. Hence 
we obtain linvfi sup^g^ ||(1 — r) ^ 



0. 



n=0 



r x 



(A), 



0. 



(c) (1) is clear. To see (2) let / G C(K, H) and k G N. Then 

\\(jS)f\\ = sup \\ 7 (x)f(ip(x))\\ H = sup \\f(cp(x))\\ H < ll/H, 



since j(x) is unitary for all x G K. Hence 



sup 

7GA 



JV-l 



n=0 



1 



fe-1 



JV-l+fc 



TEA N ^0 



n=N 



2k 
< — 
- N 



JV->oo 



-» 0. 



(d) This is a special case of (f) for the Folner net ([0, s]) s >o in R+ an d the set A := {\ r '■ 
R + ->■ T : r G £}, where x r (t) = e 27 " r * for i G R + . Notice that Aclis uniformly 
equicontinuous on compact sets since B is bounded. 
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(e) (1) is clear. To see (2) let x € X, g € G and e > 0. Choose JV £ N such that 
11 < e, where M = m VgeG \\S g \\. Then for all V = W± En=o S n g > ± En=o 

7, 1 



TV 



where IV = X)?=o ^^Si e co5, we have 

fc-1 jV-l fc-1 AT-1 



sup 



1=0 n=0 

< sup 

XGG 



fc-1 



i=0 

1 



iV 

^7 ^(X(ff)5 s 



i=0 n=0 
TV— 1 



- x{g)s g x) 



n=0 



< supM— ||x - (xOf)^)^!! < M ^f 2M \\ x \\ < £■ 



XGG 



iV 



(f) (1): Let a £ e > and xi, . . . , x m € X. Since F a is compact and A is uniformly 
equicontinuous on F a the family {g i— > x(9)Sg x k '■ X G A} is also uniformly equicon- 
tinuous on F Q for each /c € {1, . . . , m}. Hence for each A; € {1, . . . , to} we can choose 
an open neighbourhood U k of the unity of H satisfying 

g,h£G, h^geUk => sup \\x(g)S g x k - x(h)S g x k \\ < e. 

xgA 

Then U := P)fc=l ^fc i s S ^ 1U an °P en neighbourhood of unity. Since F a is compact 
there exists gi,... , <7jv € F a such that F a C Un=i Snf ■ Defining V\ := <?i?7 H F a and 
V n := (g n ll fl -Fa) \ Vi-i for rt = 2, . . . , Af we obtain a disjoint union F Q = UnLi ^n- 
Hence for all % € A and £ {1, . . . , m} we have 

1 ^ IV 

=TT / X{g)SgX k dg- Y Tf-\X{9n)Sg n 2 
a\ JF a n=1 I a I 

1 ? f 

l-^al v ' 



< 



< 



iV 



n=l 



(2): If x G X and h 6 G, then we have 
1 



sup 

XGA 



x(g)S g x - x(hg)S hg xdg 



< sup 



XGA I -fa I JF a AhF a 



\\x{g)s g x\\dg 



< 



\F n AhF n 



l z? I * 

Fa| gGG 



sup ||5 S || ||x| 



0. 



□ 



Now, let {(-Af^ae^ : * € /} be a uniform family of right ergodic nets. If x € X and <Sj is right 
amenable and mean ergodic on lin<SjX for each i £ /, then it follows from Proposition 1.11 
that A^x — > PiX for each i E I, where Pj denotes the mean ergodic projection of S-i\i^ SiX - The 
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question arises, when this convergence is uniform in i G /. The following elementary example 
shows that in general this cannot be expected. 

Example 2.3. Let X = C and let S = Ic G L(C) be the identity operator on C. Consider the 
semigroup (N, +) being represented on C by the families S\ = {X n Ic '■ Ti G N} for A € T. Then 
for each A € T the Cesaro means ^2 h =q A n converge, but the convergence is not uniform in 
A € T. 

However, the following theorem gives a sufficient condition for uniform convergence. 

Theorem 2.4. Let I be a compact set and let G be represented on X by the uniformly bounded 
right amenable semigroups Si = {Si t9 : g G G} for all i G I. Let {(Aa')aeA '■ i E 1} be a 
uniform family of right ergodic nets. Take x G X and assume that 

(a) Si is mean ergodic on linSiX with mean ergodic projection Pi for each i G L, 

(b) I — > R_|_, i i — y WA^-x — Pix\\ is continuous for each a G A. 
Then 

limsup H^^x — P%x\\ = 0. 
For the proof of Theorem 2.4 we need a lemma. 

Lemma 2.5. If {(^a^a&A '■ i E 1} is a uniform family of right ergodic nets, then 

limsup \\Afx - A%Afx\\ =0 V/3 G A, x G X. 

a iei p 

Proof. Let (3 G A, £ > and x € X. Since {(A^^a^A : 2 G /} is a uniform family of right er- 
godic nets, there exists g\, ... , qn G G and for each i G I a convex combination X^?'=l c i,j^i,9j ^ 
coSi such that sup ig/ — ^j=i c i,;?'%,flj a; ll < e /-^j where M = sup ig/ sup s6G Now, 

choose ao G A such that for all a > «o 

sup \\Afx - AfSi, 9j x\\ <e Vj = 1, . . . , N. 

Then for all a > ao and i G / we obtain 

||^4f 8 X — ^f'^'xH < ||^4f l X — Af? ^2j=l c i,jSi :gj x\\ + \\A^ J2j=l c i,jSi,gj X ~ Aa'Apx\\ 
— ^2j=l c i,j\\Aa* x ~~ ^■a'^i,gj x \\ + -^11 Sj=l c i,jSi, 9j X — ApX\\ 

< 2e. 

□ 

Proof of Theorem 2.4- By Proposition 1.11 and the hypotheses the function f a : I — > Re- 
defined by f a (i) = \\Af* x — Pix\\ is continuous for each a E A and lim Q f a {i) = for all i G 7. 
Compactness and continuity yield a net (i a )aeA C 7 with supj g / = fa(ia) f° r ah «£A 
To show that lim Q supj g / f a (i) = it thus suffices to show that every subnet of (/ a (ia)) has 
a subnet converging to 0. Let (fa k (ia k )) be a subnet of (f a (ia)) and let e > 0. Since / is 
compact, W6 Cciii choose a, subnet of (z afc ), also denoted, by (^ct fc ), such that i for some 

io G I. Since / Q converges pointwise to 0, we can take (3 G A such that fpiio) < s/M, where 
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M = supj g j sup 3gG ||S'i i9 ||. By continuity of fp there exists k\ such that for all k > k\ we have 
fp{ia k ) — fp{io) < e/M. By Lemma 2.5 there exists &2 > k\ such that for all k > &2 

f ^ < II A Slak t - A Slak A Slak t\\ 4- II A Slak A Slak t - A Slak P rll 

<e + M||^ lQfc x-P iQfc x|| 

< e + M{fp{i ak ) - f p (io)) + Mf (i o ) 

< 3e. 

Hence lim a sup ig/ /«(*) = 0. D 



We now apply the above theory to operator semigroups on the space C (K) of complex valued 
continuous functions on a compact metric space K. 

Corollary 2.6. Let ip : K — > A' be a continuous map, S : f i— > / o i/ie corresponding Koop- 
man operator on C{K), and assume that there exists a unique ^-invariant Borel probability 
measure on K . If f £ C(K) satisfies P\f = for all A 6 T, where P\ denotes the mean 
ergodic projection of {(XS) n : n € N} on L 2 (K,fi), then 



AGT 



/or eac/i F0lner sequence (.F/v)iVeN * n N, 



^ lixnsup||(l-r)E^ =0 r n A^/|| oo = 



Proof. By the hypotheses it follows from Robinson [16, Theorem 1.1] and Proposition 1.11 that 
the semigroups S\ = {{\S) n : n € N} are mean ergodic on \\nS\f C C(K) for each A 6 T. 
Let now (-Fjv)jVeN be a F0lner sequence in N and consider the uniform family of ergodic nets 

{feE„ eF „A»5») ra :A 6T } 

(cf. Proposition 2.2 (f)). If P\f = for all A G T, then also condition (b) in Theorem 2.4 
is satisfied since the map A i— > ^2neF N ^ n S n f is continuous for each N € N. Hence 
limAr^oo sup AeT || EneFjv *> n S n f\\oo = by Theorem 2.4. 

The same reasoning applied to the uniform family of ergodic nets 

{((l-OEr=0^ n S™) 0<r<1 :A€T} 

yields the second assertion. □ 

Remark 2.7. In [2, Theorem 2.10] Assani proved the first assertion of Corollary 2.6 for the 
F0lner sequence Fn = {0,...,N — 1} in N. Generalisations of this result can be found in 
Walters [19, Theorem 5], Santos and Walkden [17, Prop. 4.3] and Lenz [12, Theorem 2]. We 
will systematically study and unify these cases in a subsequent paper. 
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